Magnetic Fields
due to Currents

Biot-Savart Law & Ampere’s Law



Defining Magnetic Field

Just as we defined the E-field at

a point P due to a distribution of

charge, we use a similar procedure L)
5

- . o @ A
to define a B-field. "B dE =—5 F
Consider arbitrary wire carrying a steady
current. An expression for the magnetic i) g dB
field at a point P was discovered by Jean o7 8}))

Baptiste Biot and Felix Savart in 1820. / (
The B -field pomt P from each segment of

the wire depends on several factors...



Experiments show...

1. dB LdSanddB 1 #

2. dB « riz , where r is the radial distance from the ds to P.
3. dB « I and dB o length of d§

4. dB o« sin@ , where q is the angle between d§ and .
Summarizing these result compactly: dB = Z ‘;TI dsr:?

This relationship 1s known as the Biot-Savart law.



Biot-Savart Law Example #1

Note: 2 =5s?%+R?

ds Lg Calculate the B-field a distance R
4 from a long straight wire carrying a
s oL steady current /.
dB X)
R P = o IdSx7
I dB = 4T 12 '’
I
where ds X # = (ds)(1)(sin 0) in this case.

. . o R
and sm(180°—6f) =sinf= Gzt RO)>

dSXt R ds : : .
So, —| = s, directed into screen at point P.
r (s2+R?) /2
= IR f+0  ds I
+ |B|=[dB =2 - or B=+"
4T TTX (524+R2) /2 2R




Biot-Savart Law Example #2

Calculate the B-field the center of a
circular arc spanning an angle ¢ and

of radius R carrying a steady current /.

n _ Mo 1dSXT
dB = 4T 1?2
where ds X 7 = (ds)(1)(sin90°) = ds in
this case.
Note: r =R =constant and ds = Rd¢. So, dsjf = Rdj’ — 29
r R R

and 1s directed out of the screen by the RHR.

. | Bl — _ Mol 9 _ kol Mol
"|B|_de_4an0 d¢_4nR OrB_4nR’

(Note that ¢ must be in radian units in this expression!)




, Biot-Savart Law Example #3

QU
Uy
=

Calculate the B-field a distance xalong the
symmetry axis from the center of a ring

of radius R carrying a steady current /.
dB

ﬂ01d§Xf

dB =

am r2 '’

where ds X # = (ds)(1)(sin 0) in this case.

By symmetry, B, =B, =0. dB,=dBcost), where cos = §

Note: » = (x? + R?)”, so that di:r cosf = (xzigj)s = (constant)(ds).
R S 2
» |B| = [dB = —£ __$ds or B =—K 3

3
41 (x%2+R?) /2




Biot-Savart Law Example #4

Calculate the B-field a distance R from a thin

infinite sheet that carries a current d/ per length dx.

(CIOCI0C0I0IC.C0CECIOI0000000,

dB =21 yhere d3 x # = (ds)(1)(sin 90°) in this case.

R
r

By symmetry, B, =0. dB,=dBsin6d, where sin =

R dx
(x2+R2)°/2

dsxt

sin@ =

Note: r = (x* + R?)”, so that [
r

,U,()R dl

2m(x2+R2)/2’

where dI = nldx

:‘|1§|::jj:j‘iB& ::Z.LTQJ

Do integral (by trig substitution) to get.. B = %,uonl .



Ampere’s Law

By now, you recognize that the magnetic field generated by a
current carrying wire forms concentric circles around the wire.

I
Gy

It has been found that the product of the component of B along
a small step ds summed around a closed contour enclosing a
current equals that enclosed current times the permeability

constant. That is, gﬁl? - dS = Hgly,.. This is Ampere’s law.



Ampere’s Law Example #1

Revisiting the long straight wire...

Calculate the magnetic field at a distance » from §<—,,£_1.§---\
the wire. Note that at any point on a given field '

. 1
1S a
' V

constant. Choose an “Amperian loop” that takes L

line, B and d& are parallel and that |§

advantage of this symmetry: a circle or radius 7.
Then fﬁ-dE’: des=des=B(2nr)

Kol
27T

The current enclosed 1s just /. So, B(27zr) = uyl. Solve for B =

This 1s the same result found using the Biot-Savart law!



Ampere’s Law Example #2

Consider a circular wire with a uniform
current density carrying a total current /.
If the wire has a radius R, calculate the

B-field at a distance 7 from the wire for
r > R (outside), » = R (on the surface), and

r < R (inside the wire).

J (uniform)

As 1n the previous example, B and d3 are parallel and that|§ | 1s a constant at
any point on a given field line. Choosing a circular Amperian loop,

fl_?)-dE’: 5€Bds=des=B(2mﬂ)

for all three points, P;, P,, and P;.



Ampere’s Law Example #2 cont’d

I . B

AtP;(r>R): I, =150 B =" WP
I

2R

AtP,(r=R):1,,.=1s0oB =

J (uniform)

At P; (r <R):1,,.=JA,, , where

] _ I _ enc

Awire Ajo op

2
Then I, = In and B(2mr) = polene = MOI%

2

OIT'

Solve for B = >
2R




Example #3

Revisit the infinite sheet...

Calculate the B-field a distance
d from a thin infinite sheet that
Carries a current / per length #.

Recall that by symmetry, the B-field at any point above the sheet

to directed to the left. Using a similar argument, the B-field
below the sheet is directed to the the right.



Example #3 cont’d

To use Ampere’s law for this situation,
choose a rectangular Amperian loop that

passes through point P and passes through
the sheet equally on each side of the sheet.
By traversing the loop counter-clockwise, R s

The B -field is either paralle or perpendicular to the ds steps.

{50~ [[Ba6s D06 (50" Gt

0 (BLdS) BZ (BIdS) 0 (BLd¥ Bf (BIdS)

s 2B = Uglone = uontl, where n 1s the linear density of the “wires.”
Solve for B = 2 o p = KoM
2¢ 2

(Note that this 1s the same expression found using the Biot-Savart law!)




Forces Between Parallel Currents

Consider two parallel wires (a and b) carrying
currents Ia and Ib in the same direction. Since
each current generates a magnetic firld at the
location of the other wire, these two wires exert

forces on each other.

The magnetic force on wire b due

to the B-field generated by wire a:
F = IbL X B
Fp, = I,LB, = I L ‘;;)T’; (left) Note that F,, = —F} 4

Punchline:

The magnetic force on wire a due Parallel currents attract each other.

to the B-field generated by wire b:

F,, =1,L X B, (A similar analysis would show that
ﬁba — I,LBy, = 1L foﬁ (right) opposite currents repel each other.)
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